Introduction
A Weil algebra A is a local commutative 2 -algebra with identity, the nilpotent ideal n of which has a finite dimension as a vector space and A/n = 2 . We call the order of A the minimum ord(A) of the integers r satisfying n Alternatively, one can assume that Weil algebras are finite dimensional factoralgebras of the algebra of germs
), see [7, Proposition 35.5] . The fact that ideals in E k can be generated by some polynomials induces the corresponding ideal i in E k for every Weil Let A = E k /i be a Weil algebra and M an m-manifold. Two maps g, h :
k → M , g(0) = h(0) = x are said to be A-equivalent if α • g − α • h ∈ i for every germ α of a smooth function on M at x. Such an equivalence class will be denoted by j A g and called an A-velocity on M . The point x = g(0) is said to be the target of j A g. Denote by T A M the set of all A-velocities on M and by T A x M the set of all A-velocities on M with the target x. T
A is a bundle functor on the category of all manifolds, see [7] , and T A M is called the Weil bundle.
The theory of Weil bundles is a powerful tool for many problems in differential geometry. The important problem how a vector field on an m-manifold M can induce canonically a vector field on T A M has been solved completely by I. Kolář in [6] with the aid of the concept of natural operators. We remark that the best known example of a Weil bundle is the bundle T r k M of k-dimensional velocities of order r on M , in particular, for r = k = 1 the tangent bundle on M .
Let reg
equivalence class Aut A M (X) := {ϕ(X) ; ϕ ∈ Aut A}, see [5] . We denote by K A M the set of all contact elements of type A on M . Quite recently, R. Alonso proved in [1] that K A M has a differentiable manifold structure and reg T A M → K A M is a principal fiber bundle with structure group Aut A. K A M is a generalization of higher order contact elements bundle [3] .
In this paper, we study the problem how a vector field on an m-manifold M can induce canonically a vector field on K A M . This problem is reflected in the concept of natural operators A : T |M fm T K A in the sense of [7] . For m w(A) + 2 we construct explicitly a bijection between all natural operators A : T |M fm T K A and the subalgebra SA = {a ∈ A ; ϕ(a) = a for all ϕ ∈ Aut A} of fixed elements of a Weil algebra A. This main result of the paper is stated in Section 2. In addition, the classification of natural affinors on K A is established and a rigidity theorem for K A is presented also in Section 2. Section 1 gives a purely algebraic description of A and can be read independently. All manifolds and maps are assumed to be of class C ∞ .
1. On the subalgebra of fixed elements of a Weil algebra Examples.
(i) For k = 1, every Weil algebra A =
2
[t]/i is homogeneous. In this case, i is a principal ideal and a monomial of the lowest degree in i can be taken as its generator.
(ii) The proof is rather long, see [9] .
(v) The first author introduced Weil algebras ω 3 r k of functors of ω-holonomic kdimensional velocities of order r, which include nonholonomic and semiholonomic velocities as special cases. They are homogeneous, see also [9] . then q-th underlying Weil algebras A q = A/n q+1 , [5] , are homogeneous for all
We demonstrate that A is homogeneous.
First, we prove the nonhomogeneity of i = s 
It is evident that for a homogeneous Weil ideal i, the homomorphism H τ :
Let SA = {a ∈ A ; ϕ(a) = a for all ϕ ∈ Aut A} be the subalgebra of fixed elements of a Weil algebra A. We find easily the following assertion. Proposition 1. If A is a homogeneous Weil algebra, then SA is the trivial subalgebra 2 · 1.
. We take an arbitrary τ ∈ 2 − {−1, 0, 1}. Then only constants possess the property H τ (a) = a.
Nonhomogeneous Weil algebras.
Example of a nonhomogeneous Weil algebra with trivial subalgebra of fixed elements.
We demonstrate that A is nonhomogeneous and
In the first instance, we presume the homogeneity of A. This means that there
4 and j is generated by homogeneous polynomials P 1 , . . . , P L . We can assume that the matrix of the linear part of G is the identity matrix. (If not, we compose G with a linear automorphism.)
Thus there is a homogeneous generator of j with degree 2 and we can suppose that it is P 1 . We have G
is some polynomial in s, t and
It follows that P 1 = as 2 . Thus, we assume P 1 = s 2 hereafter. We have
+ . . .. Thus l 1 = 1 and l 1 = 0. This is a contradiction, hence A is nonhomogeneous.
The elements of A have the form
with all monomials of the fourth or higher order vanishing, in addition to s 3 , s 2 t and s 2 + t 3 . We shall describe the automorphisms of A. The starting point for their identification is the form
The matrix A B G H of the linear part of an automorphism must be regular. We must now satisfy the conditionss 
We choose the automorphism ϕs = 8s,
and it is not difficult to find that only constants possess the property ϕ(a) = a. Now, it is not surprising that the following upgrade of Proposition 1 is possible by a relatively slight generalization. Let τ 1 , . . . , τ k ∈
2
. We take as the homomorphism H τ1,...,τ k :
]/i is a Weil algebra with w(A) = k and if is an example of a Weil algebra with these properties:
with all monomials of the sixth or higher order vanishing, in addition to Consequently, we solve the equation
for k i , i = 1, . . . , 11, using (2A). We obtain
Comparing the coefficients standing at powers of s and t, we find that k 2 = k 3 = k 4 = k 5 = k 6 = k 7 = k 8 = k 10 = k 11 = 0 and k 1 , k 9 are arbitrary real coefficients. This means that
and we have obtained the description of the subalgebra of fixed elements. Naturally, SA is nontrivial, i.e. SA C 2 · 1. This proves our claim.
Proposition 3.
There are Weil algebras with nontrivial subalgebras of fixed elements.
The classification theorems

(a)-lifts and a -lifts. Affinors af(a) and Af(a).
Let X : M T M be a vector field on an m-manifold M . Given a natural bundle F over m-manifolds, one general operator T → T F is the flow operator F , which is defined by
where F 1 
see [2] , [4] . The vector field X (a) on T A M defined as
is called the (a)-lift of X to T A M . This lift was introduced by I. Kolář in [6] , cf. also [4] . Immediately, X (1) is the complete lift.
So, let a ∈ SA. π : reg T A M → K A M is a principal fiber bundle with structure
We prove that our definition is correct. Let w ∈ T (reg T A M ) be another vector with T π(w) = u. Let w t , v t ∈ reg T A M be the curves representing w and v, respectively. Since π is a submersion, we can assume π(w t ) = π(v t ). Then there exists a smoothly parametrized family ϕ t ∈ Aut(A) such that w t = ϕ t (v t ). We define a vec- The vector field X a on K A M defined as 
Liftings of vector fields to K
The first main result of this paper is the following classification theorem. 
Step 2. A is determined by A (∂/∂x 1 ) |σ .
Consider a natural operator
We prove that A is uniquely determined by A (∂/∂x 1 ) |σ . Every vector field X with non-zero value at x can be expressed in a suitable local coordinate system centered at x as the constant vector field ∂/∂x 1 . In addition, the well-known fact following from the theory of natural operators is that A is uniquely determined by A (∂/∂x 
is the canonical projection). Since all π(j A γ) with such a γ form a dense subset in
m , it is sufficient to verify that π(j A γ) is in the mentioned orbit. We deduce this as follows. Since k 1 and m k + 1, we have a diffeomorphism ϕ :
On the other hand, since p • γ is of rank k near 0 ∈ 2 k , there is a diffeomorphism ψ :
Step 3. A is sum of a vertical operator and a multiple of the flow operator.
We prove that A = αA 
Step 4. The expression of the flow of V (∂/∂x 1 ).
In view of the previous step of the proof, we shall investigate only the Π-vertical operator V from now on. We study the flow
, and it suffices to study F s (σ) for small s thanks to the step 2. We can write Step 5. The invariance of i with respect to ( s ) * .
Let s :
E k be the pullback of s and A = E k /i the Weil algebra in question. We prove that ( s ) * (i) ⊂ i. We consider a map η :
). Clearly, χ preserves ∂/∂x 1 and χ preserves σ as germ 0 (η) ∈ i. Hence χ preserve also
Step 6. The expression of the flow of V (∂/∂x
A → A be the quotient homomorphism. A is finite dimensional and
is some family, smoothly parametrized by s, with η s (0) = 0 and η 0 (t) = 0. 
Evidently, Φ(0) = 0 and Φ preserves ∂/∂x
). In addition, we obtain ψ(j
), which means that ϕ(a s ) = a s for any ϕ ∈ Aut A. Thus a s ∈ SA.
Step 8. A equals A a .
Letη :
. . , t k , 0, . . . , 0))) = A a (∂/∂x 1 ) |σ . Hence A = A a as in the steps 2 and 3.
Step 9. a is uniquely determined.
To prove that a is uniquely determined it suffices to show that A 
Natural affinors on K
The second main result of this paper is the following classification theorem.
Theorem 2. Let A be a Weil algebra, m w(A) + 2. Then for every natural affinor Q on K A there exists uniquely determined a ∈ SA such that Q = Af(a). Remark 3. Up to now, only the special case of Rigidity Theorem for A = 3 r k has been known, see [8] (see also [10] for A =
